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In this paper it is shown that differentially rotating disks that are in the presence of weak axial
magnetic field are prone to a new nonlinear explosive instability. The latter occurs due to the near-
resonance three-wave interactions of a magnetorotational instability with stable Alfve´n-Coriolis and
magnetosonic modes. The dynamical equations that govern the temporal evolution of the amplitudes
of the three interacting modes are derived. Numerical solutions of the dynamical equations indicate
that small frequency mismatch gives rise to two types of behaviour: 1. explosive instability which
leads to infinite values of the three amplitudes within a finite time, and 2. bounded irregular
oscillations of all three amplitudes. Asymptotic solutions of the dynamical equations are obtained for
the explosive instability regimes and are shown to match the numerical solutions near the explosion
time.
PACS numbers: 47.65.Cb, 43.35.Fj, 62.60.+v
Introduction - The magnetorotational instability
(MRI, [1] – [3]) is believed to play a key role in the angu-
lar momentum transfer in accretion disks, and has been
thoroughly investigated through linear analysis as well
as nonlinear magnetohydrodynamic (MHD) simulations
under a wide range of conditions and applications. First
attempts to achieve analytical insight into the nonlinear
evolution of the MRI focused on the dissipative satu-
ration of the instability ([4], [5]) in environments that
are characteristic of laboratory experiments. Recently it
has been suggested that the mechanism of dissipationless
wave interaction plays an important role in the nonlinear
development of the MRI in astrophysical disks ([6], [7]).
According to one such scenario the MRI forms a triad
of interacting modes with a stable slow or fast Alfve´n-
Coriolis (AC) mode and a stable magnetosonic (MS)
mode. This is a generalisation and adaptation to the
thin, rotating, axially stratified disks of the well known
three-wave interaction in static, homogeneous and infi-
nite plasmas ([8], [9]). In previous works the saturation of
the MRI by non-resonant excitation of a MS wave, as well
as by resonantly exciting two small-amplitude linearly
stable modes have been investigated ([6], [7], [10]). It
has been shown that in the resonant case the two linearly
stable modes grow exponentially due to the nonlinear
coupling to the saturated MRI. The effect of a small mis-
match between the eigen-frequencies of the three modes is
investigated in the current work. The presence of a small
frequency mismatch does not merely lead to small quanti-
tative deviations from the strict-resonance case, but may
change the behaviour of the system in a fundamental
way [11]. In particular it is shown that near-resonance
interaction may give rise to an explosive instability un-
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der which the amplitudes of the three interacting modes
reach infinite values within a finite time. The explosion
instability is a well known phenomenon in infinite ho-
mogeneous plasmas ([12] – [17]). Indeed, Zakharov and
Manakov [18] divide the general resonance interactions of
three one-dimensional wave packets in a non dissipative
medium into parametric decay instabilities and explosive
instabilities. While the former was investigated in [7],
the current research focuses on the explosive instability.
The Physical Model - The thin disk asymptotic ex-
pansion procedure ([19], [20]) is applied to the magne-
tohydrodynamic (MHD) equations in order to study the
weakly nonlinear evolution of the MRI in Keplerian disks.
A detailed description of that procedure and its results
for the steady-state as well as the linear problem is pre-
sented in [10]. The main results are hereby summarized:
1. Steady-State: Assuming axially isothermal steady-
state the normalized mass density profiles are given by
n(r, ζ) = N(r)Σ(η), where Σ(η) = e−η
2/2, N(r) is an ar-
bitrary function of r, the radial coordinate, η = ζ/H(r),
ζ = z/ǫ is the stretched axial coordinate, and H(r) is the
semi thickness of the disk. The latter [or alternatively the
temperature profile T (r)] is an arbitrary function of r. 2.
Linear perturbations: Modifying the axial mass density
profile to Σ¯(η) = sech2η enables the analytical solution
of the linearized set of equations for small perturbations.
The resulting eigenmodes are thus divided into two fam-
ilies. The first family, the Alfve´n-Coriolis (AC), repre-
sents in-plain perturbations and form a discrete spectrum
whose eigenfunctions ωk,l are labeled by two integers
−∞ < k < ∞, l = ±1 such the l = −1(+1) represents
the slow (fast) AC modes and k is the axial mode number.
The fast AC modes are stable while the slow AC modes
may become unstable. The number of unstable slow AC
modes is determined by the local plasma beta which is
given by β(r) = β0N(r)C
2
s (r)/B
2
z (r) where β0 is the beta
value at some reference radius, and Cs(r) = H(r)Ω(r)
where Ω(r) ∝ r−3/2 is the Keplerian rotation velocity,
and Bz(r) are some arbitrary profiles of the sound ve-
2locity and the axial steady-state magnetic field, respec-
tively. Thus, the threshold for exciting k unstable modes
is given by βkcr = k(k + 1)/3, k = 1, 2, . . .. It is those
unstable slow AC modes that constitute the MRI whose
eigenvalues are given by ωm,−1 = iγm, m = 1, . . . , k. Of
particular importance is the fact that for β = βkcr, γk = 0
is a double root of the dispersion equation. The eigen-
functions of both sets of AC modes may be expressed in
terms of the Legendre polynomials. The other family of
eigen-oscillations in thin Keplerian disks includes the ver-
tical magnetosonic (MS) modes. The latters are stable,
possess a continuous spectrum, and their eigenfunctions
are localized about the mid-plain and may be expressed
in terms of some special functions [6]. The two families
of the linear eigenmodes, namely the AC and the MS
modes, are the building blocks of the nonlinear analysis
to be unfolded in the next sections.
Near-resonance interactions – The scenario that is in-
troduced in the current work is a generalisation of the
mechanism described in [7]: A β value slightly above the
first threshold for MRI is considered. As a results there is
only one unstable MRI mode, that is characterised by ax-
ial wave number k = 1 and whose growth rate is denoted
by γ. A large amplitude MRI eigenmode (characterised
by frequency 0 + iγ) forms a triad of interacting modes
with a stable fast or slow AC mode (characterised by a
real frequency ωa = ωk,l), and a stable MS wave (char-
acterised by a real frequency ωs). The condition for the
occurrence of near resonance interaction between those
three eigenmodes is ωs = ωa +∆ω, where the frequency
mismatch ∆ω is much smaller than each of the eigenfre-
quencies ωa and ωs. This condition is easily satisfied due
to the continuous nature of the MS spectrum. The near-
resonance condition can be satisfied also if the Gaussian
axial mass distribution is considered. In that case the
MS spectrum is discrete, however, as was pointed out
in [21], for any frequency ωk,l of a stable AC mode, a
corresponding eigenfrequency of the Gaussian MS spec-
trum may be found such that the near-resonance condi-
tion is satisfied. The customary near-resonance condition
on the axial wave number is not needed here due to the
axial stratification of the mass density; it is replaced by
the solvability conditions of the higher orders boundary
value problem in the axial coordinate. The three-wave
interaction is a direct result of the influence of the per-
turbed in-plain magnetic pressure gradients on the acous-
tic modes, and the simultaneous axial convection of the
AC modes by the acoustic perturbations.
The main goal of the current section is to derive a
set of coupled ordinary differential equations that govern
the evolution of the amplitudes of the modes that take
part in the near-resonance interaction. During the linear
stage those amplitudes are constants that are determined
by the initial conditions. However as the near-resonance
interaction gains in importance, the mutual interaction
changes dramatically their time evolution. Thus, while
the equations that govern the amplitudes of the stable
AC and MS modes are similar to their first order classical
counterparts [9], the equation for the amplitude of the
MRI is of second order, reflecting the multiplicity two of
the eigenvalue at the threshold beta ([7], [22]).
Deriving the amplitude equations starts with observ-
ing that for small values of the growth rate γ the near-
resonance interactions are described by two distinct time
scales: a fast time τ¯ = ωat , and a slow time τ˜ = γt.
Assuming further that the frequency mismatch ∆ω is of
order γ, each of the perturbations due to the AC modes
(f(η, t)) as well as those due to the MS waves (g(η, t))
may be represented as a sum of zeroth and first harmonic
terms in τ¯ (higher harmonics are neglected), each with a
slowly varying amplitude that depends on τ˜ :
f(η, t) = f0(η, τ˜ ) + [f1(η, τ˜ )e
iτ¯ + c.c], (1)
where the subscripts (0 or 1) denote the harmonic num-
ber, and a similar expression for g(η, t). Contributions
to the zeroth harmonic AC perturbations come from the
MRI, a non-resonant excitation of a zeroth harmonic MS
wave, and the interaction of the stable fast AC and the
MS eigenmodes, all of which may be represented respec-
tively as:
f0(η, τ˜ ) = A0(τ˜ )P0(η) +A0(τ˜ )H0(τ˜ )ψ0,0(η)
+ [A∗1(τ˜ )H1(τ˜ )ψ−1,1(η) + c.c], (2)
where A0 is the real-valued amplitude of the MRI (e
±τ˜
during the linear stage), P0 its linear eigenfunction,
A1, H1 are the amplitudes of the stable AC and MS
modes, respectively (constants during the linear stage),
H0 is the amplitude of the non-resonantly excited MS
wave, and ψ−1,1, ψ0,0 are yet to be determined coupling
functions. In a similar manner the expressions for f1 and
g1 are given by:
f1(η, τ˜ ) = A1(τ˜ )P1(η) + [A0(τ˜ )H1(τ˜ )ψ0,1(η) + c.c] (3)
g1(η, τ˜ ) = H1(τ˜ )Q1(η) + [A0(τ˜ )A1(τ˜ )φ0,1(η) + c.c], (4)
where P1, Q1 are the eigenfunctions of the AC and MS
modes, respectively, φ0,1(ψ0,1) is the coupling function
between the MRI and the AC(MS) mode, and the first
terms on the right hand sides of eqs. (2)-(4) describe the
three linear modes that participate in the near-resonance
interaction. The amplitude of the non resonantly driven
MS wave may be shown to be H0(τ˜ ) = A
2
0(τ˜ ) [21].
The amplitudes A0, A1, and H1 are the main players
in the current work and deriving the set of ordinary dif-
ferential equations that govern their slow-time dynamical
evolution is the main concern of this section. Thus, re-
calling the second order degeneracy of the MRI at the
threshold, the dynamical equation for A0 is necessarily
of second order, that in view of its near resonance in-
teraction with the two other modes is conjectured to be
3given by:
γ2
d2A0
dτ˜2
= γ2A0 + Γ0,0A0H0 + [Γ−1,1A
∗
1H1e
−iθτ˜ + c.c],
(5)
where γθ = ∆ω, and Γi,j (i, j indicate the pair of inter-
acting harmonics) are coupling constants that measure
the interaction between the various waves. A clear hi-
erarchy emerges from eq. (5) according to which A0 is
of order γ while H0, A1, and H1 are of orders γ
2, γ3/2,
and γ3/2, respectively. The corresponding equations for
A1 and H1 are of first order and are identical with their
classical counterparts ([9], [7]):
γ
dA1
dτ˜
= iΓ0,1A0H1e
−iθτ˜ , γ
dH1
dτ˜
= iΓ1,0A0A1e
iθτ˜ , (6)
where Γi,j are the corresponding coupling coefficients yet
to be determined.
The calculation of the four real coupling coefficients
(Γ0,0,Γ−1,1,Γ0,1,Γ1,0) is carried out by inserting eqs. (1)-
(6) into the MHD equations, which are subsequently
solved order by order in γ, according to the hierarchy
specified above. As expected, the lowest order repro-
duces the linear results. The next order yields four non
homogeneous ordinary differential equations for the cou-
pling functions (ψ0,0(η), ψ−1,1(η), ψ0,1(η), φ0,1(η)). The
four solvability conditions for those equations provide the
four values for the sought coupling coefficients. Of partic-
ular interest is the value of Γ0,0 which is negative, a fact
that plays a crucial role in the analysis of the resulting
equations [6].
Finally, by appropriately rescaling the amplitudes eqs.
(5)-(6) may be recast in the following form:
d2a0
dτ˜2
= a0 − a
3
0 + σ0α
2[a∗1h1e
−iθτ˜ + c.c] (7)
da1
dτ˜
= iαa0h1e
−iθτ˜ ,
dh1
dτ˜
= iσ1αa0a1e
iθτ˜ , (8)
where a0, a1, h1 are the rescaled amplitudes of the MRI,
AC and MS modes, respectively, α =
√
|Γ0,1Γ1,0/Γ0,0|,
σ0 = sign(Γ0,1Γ−1,1), and σ1 = sign(Γ0,1Γ1,0). Equa-
tions (7)-(8) constitute the dynamical system that is in-
vestigated in the next section. Each interacting triad is
thus characterised by a set of three coefficients α, σ0 and
σ1 which determines the nature to its dynamical evolu-
tion.
The Manley-Rowe relations – A convenient representa-
tion of the amplitudes of the AC and MS modes is given
by a1(τ˜ ) = ρa(τ˜ )e
−iϕa(τ˜), h1(τ˜ ) = ρh(τ˜ )e
−iϕh(τ˜) (recall
that a0 is real-valued). In terms of these variables equa-
tions (7)-(8) give rise to the following two constants of
motion:
E =
1
2
(da0
dτ˜
)2
−
1
2
(
a20 −
1
2
a40
)
+ F , (9)
E =
1
2
ρ2h + σ1
1
2
ρ2a, (10)
where F = 12σ0α
2θ(σ1ρ
2
h − ρ
2
a)− 2σ0a0α
2ρaρhcosϕ,
ϕ = ϕa − ϕh − θτ˜ , and E and E are constants.
Solutions of the dynamical amplitude equations – The
presence of a frequency mismatch in the classical set of
resonant three-wave interactions equations is known to
lead to complex dynamical behaviour that include bifur-
cations to increasingly complicated periodic motions as
well as apparent chaotic motions [11]. Indeed, the so-
lutions of eqs. (7)-(8) exhibit much more complex be-
haviour than their strict-resonance counterparts. As is
demonstrated in [7] and [21] resonant triads with θ = 0
are divided into stable (σ1 = −1) and unstable (σ1 = +1)
triads. In the unstable case the MRI mode saturates by
nonlinearly coupling to AC and MS modes that grow
exponentially as eγnlατ˜ with an effective growth rate
γnl ∼ 1, while the amplitudes within stable triads are
bounded and exhibit oscillatory behaviour. This classifi-
cation is carried over also to the near-resonant case and
gives rise to the following two types of dynamical be-
haviour:
i. Unstable triads - explosive instability: Solving eqs. (7)-
(8) numerically indicate that unlike the strict-resonance
case, all three modes may grow explosively in time,
namely, the solutions tend to infinity within a finite
time, which is termed the explosion time and denoted
by τ˜e. To simplify the calculations, the particular case
ρa(τ˜ ) = ρa(τ˜ ) ≡ ρ(τ˜) is considered. Numerical solutions
demonstrate that for such triads, as τ˜ → τ˜e , a0 and
ρ → ∞, while ϕ → (2m+ 1)π/2 + ϕe where m is an in-
teger and ϕe → 0, such that a0ϕe remains finite. These
observations lead to the ansatz a0(τ˜ )ϕe(τ˜ ) = Const that
results in the following asymptotic universal expressions
for the normalised amplitudes close to the explosion time:
aˆ0 ≃
K0
1− τˆ
, ρˆ ≃
K1
(1 − τˆ)2
, ϕˆ ≃ K2(1− τˆ ), (11)
where τˆ ≡ τ˜/τ˜e, K0 = −2(−1)
m, K21 = sign(θ)6(1 +
4/α2), andK2 = −1/3, and aˆ0, ρˆ, ϕˆ are the appropriately
normalised amplitudes and phase, respectively. The ex-
plosion time cannot be calculated by the analysis that
leads to eq. (11) and is determined by the initial condi-
tions. It is evident that under the ansatz specified above
explosive solutions exist only for θ > 0. Numerical solu-
tions demonstrate however that such solutions exist also
for θ < 0, for which a0(τ˜ )ϕe(τ˜ ) is not a constant near the
explosion time.
Figure 1 presents a comparison between the numerical
solution of eqs. (7)-(8) and the asymptotic solutions (11).
The triad is composed of an MRI mode (k = 1, l = −1),
a stable slow AC mode (k = 2, l = −1), and a stable MS
mode. For that triad σ1 = −1 and α = 20.5. It is seen
that after an initial transient period, as time approaches
the explosive time, the two dashed lines, which represent
the numerical solutions of eqs. (7)-(8) for two different
values of θˆ = θ/α, converge to the same full line, which
represents the universal asymptotic solution given by
4eq. (11). The explosion time as obtained from the full
numerical solutions of eqs. is ατ˜e ∼ 4.5. The triad
depicted in Figure 1 is characterised by the biggest value
of α as compared to all triads with slow AC modes, and
hence has the shortest explosion time. In this sense,
this first unstable triad is deemed the most unstable.
It should be finally mentioned that it is the negative
sign of σ1 that enables the unbounded growth of the
amplitudes of the participating modes while keeping E
constant according to the Manley-Rowe relation (10).
FIG. 1: Comparison of the numerical solution of eqs. (7)-(8)
and the universal asymptotic solution (11) for a triad charac-
terised by σ1 = −1, α = 20.5. Full line: eq. 11, upper (lower)
dashed line: solution of eqs. (7)-(8) with θˆ = 2.5 (1).
ii. Stable triads - irregular oscillations : The ampli-
tudes of the three modes that form a stable triad remain
bounded at all times and exhibit irregular periodic oscil-
lations. This may be seen in Fig. 2 where in particular
saturation of the MRI is demonstrated.
FIG. 2: Solution of eqs. (7)-(8) for a stable triad that is
composed of an MRI, a stable fast AC mode (k = 1, l = 1)
and an MS mode.
Conclusions - The nonlinear evolution of near-
resonance triads of modes (composed of MRI, and stable
AC and MS modes) is studied for thin Keplerian disks.
The slowly varying amplitude of the MRI is governed
by a Duffing equation with a force term that is time-
dependent due to the frequency mismatch, while the am-
plitudes of the other two modes are determined by a first
order rate equation. It is shown that if the stable AC
mode is a slow one all the amplitudes grow explosively in
time while in triads that include a stable fast AC mode
all amplitudes are bounded and exhibit irregular oscilla-
tions. It is conjectured that the explosive instability de-
scribes an intermediate stage of the nonlinear evolution
of the MRI during which a significant energy transfer
between the modes take place, before the blow-up and
consequent break-down of the present model. Direct nu-
merical simulations can resolve the evolution beyond the
explosion time.
Acknowledgment - This work was supported by grant
number 180/10 of the Israel Science Foundation.
[1] E.P. Velikhov. Soviet Physics, JETP, 36:995 (1959).
[2] S. Chandrasekhar. Proc. Natl. Acad. Sci., 46:353 (1960).
[3] S.A. Balbus and J.F. Hawley. Astrophys. J., 376:214
(1991).
[4] E. Knobloch and K. Julien. Phys. Fluids, 17:094106
(2005).
[5] O.M. Umurhan, K. Menou, and O. Regev. Phys. Rev.
Lett., 98:034501 (2007).
[6] E. Liverts, Y. Shtemler, M. Mond, O.M. Umurhan, and
D.V. Bisikalo. Phys. Rev. Lett., 109:224501 (2012).
[7] Y. Shtemler, E. Liverts, and M. Mond. Phys. Rev. Lett.,
111:231102 (2013).
[8] A.A. Galeev and V.N. Oraevskii. Soviet Phys. Doklady,
7:988 (1961–1962).
[9] R.Z. Sagdeev and A.A. Galeev. Nonlinear Plasma The-
ory. Lecture Notes and Preprints. W.A. Benjamin, New
York, Amsterdam, 1969.
[10] Y. Shtemler, M. Mond, and E. Liverts.MNRAS, 413:2957
(2011).
[11] J.M. Wersinger, J.M. Finn, and E. Ott. Phys. Rev. Lett.,
44(7):453–456, 1980.
[12] L.I. Rudakov, V.M. Dikasov, and D.D. Ryutov. Soviet
Physics, JETP, 21:608 (1965).
[13] C.T. Dum and R.N. Sudan. Phys. Rev. Lett., 23:1149
(1969).
[14] M.N. Rosenbluth, B. Coppi, and R.N. Sudan. in Plasma
Physics and Controlled Nuclear Fusion Research, vol-
ume I,771, IAEA, Viena, 1969.
[15] B. Coppi, M.N. Rosenbluth, and R.N. Sudan. Ann.
Phys., 55:207 (1969).
[16] J. Weiland and H. Wilhelmson. Coherent Nonlinear In-
teractions of Waves in Plasma. Oxfod: Pergamon, 1977.
[17] A.D.D. Craik. Wave Interactions and Fluid Flows. Cam-
bridge University Press, 1985.
[18] V. E. Zakharov and S. V. Manakov. JETP Lett., 18:243
(1973).
[19] O. Regev. A & A, 126:146 (1983).
[20] Y. Shtemler, M. Mond, and E. Liverts. Astrophys. J.,
665:1371 (2007).
[21] Y. Shtemler, M. Mond, and E. Liverts.MNRAS, 439:1140
(2014).
[22] F. Stefani and G. Gerbeth. Phys. Rev. Lett., 94:184506,
2005.
